In this article, we consider the G-character variety of a compact Riemann surface of genus g > 0, when G is SL(n, C) or GL(n, C). We show that these varieties are symplectic singularities and classify when they admit symplectic resolutions: they do when g = 1 or n = 1 or (g, n) = (2, 2). symplectic singularities [2] . To have symplectic singularities requires a strong compatibility between the symplectic form and resolutions of singularities. However, once one knows that a given space has symplectic singularities, it allows one to to make strong statements about the quantizations and Poisson deformations of the space. For instance, Namikawa [21] tells us that the (formal) Poisson deformations of such a space are unobstructed, if it is an affine variety. Our first result shows that:
Introduction
The character varieties associated to the fundamental group of a topological space have long been objects of study for topologists, group theorists and algebraic geometers. The character varieties of type A associated to the fundamental group of a Riemann surface play a particularly prominent role in this theory since it has been shown by Goldman that their smooth locus caries a natural symplectic structure. The aim of this article is to study how this symplectic structure degenerates along the singular locus of the character variety. This is motivated by earlier work [3] of the authors, where the case of quiver varieties is considered. Our results for character varieties are derived, in large part, from the general theory developed in [3] .
Before explaining the main results of the article, we introduce some notation. Let Σ be a compact Riemann surface of genus g > 0 and π its fundamental group. The SL-character variety of Σ is the affine quotient Y(g, n) := Hom(π, SL(n, C))/ /SL(n, C).
Similarly, the GL-character variety is X(g, n) := Hom(π, GL(n, C))/ /GL(n, C).
We do not consider the case where Σ has punctures; in this case it is natural to impose conditions on the monodromy about the punctures and this situation is addressed in [22] .
The character varieties are explicitly constructed via quasi-Hamiltonian reduction. This implies that the symplectic structure on the smooth locus extends to a Poisson structure on the whole variety. An important (in both symplectic algebraic geometry and geometric representation theory) class of Poisson varieties with generically non-degenerate Poisson structure are given by Beauville's Just as for quiver varieties [3] , the case of a genus two Riemann surface and 2-dimensional representations of π (the case (g, n) = (2, 2)) is special. In this case Y(2, 2) does not have terminal singularities. Moreover, by work of Lehn and Sorger [17] , Y(2, 2) does admit a projective symplectic resolution.
Theorem 1.5. The blowups X(2, 2) → X(2, 2) and Y(2, 2) → Y(2, 2) along the singular loci are projective symplectic resolutions of singularities. Remark 1.6. When g = 1, the Hilbert scheme Hilb n (C × × C × ) provides a projective symplectic resolution of X(g, n), and the barycentric Hilbert scheme provides a projective symplectic resolution of Y(g, n).
We first prove these results for X(g, n), and then in section 2.6, we deduce the results for Y(g, n) from these. Similar techniques are applicable to Hitchin's moduli spaces of semistable Higgs bundles over smooth projective curves; see [23] .
1.1. Conventions. Throughout, a variety will mean a reduced, quasi-projective scheme of finite type over C. If X is a (quasi-projective) variety equipped with the action of a reductive algebraic group G, then X/ /G will denote the good quotient (when it exists). In this case, let ξ : X → X/ /G denote the quotient map. Then each fibre ξ −1 (x) contains a unique closed G-orbit. Following Luna, this closed orbit is denoted T (x).
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Character varieties
Recall from the introduction that Σ is a compact Riemannian surface of genus g > 0 and π is its fundamental group. We have defined the character varieties Y(g, n) = Hom(π, SL(n, C))/ /SL(n, C), X(g, n) = Hom(π, GL(n, C))/ /GL(n, C).
These are affine varieties. If g > 1 then dim Y(g, n) = 2(g − 1)(n 2 − 1), and when g = 1, it has dimension 2(n − 1). On the other hand dim X(g, n) = dim Y(g, n) + 2g always. Except in the last subsection, we will only consider X(g, n). Then, in section 2.6 we deduce the corresponding results for Y(g, n). We begin by recalling the basic properties of the affine varieties Hom(π, GL) and X(g, n). Based on results of Li [18] , as explained in Theorem 2.1 of [10], Theorem 2.1. [18, 10] (1) Both Hom(π, GL) and X(g, n) are reduced and irreducible.
(2) Hom(π, GL) is a complete intersection in GL 2g .
(3) The generic points of Hom(π, GL) and X(g, n) correspond to irreducible representations of the fundamental group π.
As shown originally by Goldman [13] , the varieties X(g, n) and Y(g, n) have a natural Poisson structure. This Poisson structure becomes clear in the realization of these spaces as quasi-Hamiltonian reductions; see [1] , where it is shown that the symplectic structure defined by Goldman on the smooth locus of X(g, n) agrees with the Poisson structure of X(g, n) as a quasi-Hamiltonian reduction. In particular, if C (1,n) denotes the dense open subset of X(g, n) parameterizing simple representations of π, then it is shown in [1] that the Poisson structure on C (1,n) is non-degenerate. It will be useful for us to reinterpret the quasi-Hamiltonian reduction as a moduli space of semi-simple representations of the multiplicative preprojective algebra. Let Q be the quiver with a single vertex and g loops, labeled a 1 , . . . , a g . Let a * i denote the loop dual to a i in the doubled quiver Q. Associated to Q is the multiplicative preprojective algebra Λ(Q), as defined in [8] . Namely, CQ → Λ(Q)
is the universal homomorphism such that each 1 + a i a * i and 1 + a * i a i is invertible and
Here the product is ordered. Following [7] , let Λ(Q) ′ denote the universal localization of Λ(Q),
where each a i is also required to be invertible. Let (T * Rep(Q, n)) • denote the space of all n-
It is an open, GL(n, C)-stable affine subset of T * Rep(Q, n). The action of GL(n, C) on (T * Rep(Q, n)) • is quasi-Hamiltonian, with multiplicative moment map
As noted in Proposition 2 of [7] , the category Λ(Q) ′ -mod of finite dimensional Λ(Q) ′ -modules is equivalent to π-mod, in such a way that we have a GL-equivariant identification
Hence, we have an identification of Poisson varieties
See [24] for further details.
2.1. Symplectic singularities. The space X(g, n) has a stratification by representation type, which is also the stratification by stabilizer type; see [19, Theorem 5.4] . We say that a weighted partition ν of n is a sequence (ℓ 1 , ν 1 ; . . . ; ℓ k , ν k ), where each ℓ i and n i is a positive integer and
Lemma 2.2. Assume n, g > 1.
(1) The strata C ν of X(g, n) are labelled by weighted partitions of n such that
(3) If (g, n) = (2, 2) and ν = (1, n), then dim X(g, n) − dim C ν ≥ 8 unless either (i) (g, n) = (2, 3) and ν = (1, 2; 1, 1); or (ii) (g, n) = (3, 2) and ν = (1, 1; 1, 1).
Proof. By Theorem 2.1, the set of points C (1,n) in X(g, n) parameterizing irreducible representations of π is a dense open subset contained in the smooth locus. Therefore dim C (1,n) = 2(1 + n 2 (g − 1)
).
An arbitrary semi-simple representation of π of dimension n has the form
where the x i are pairwise non-isomorphic irreducible π-modules of dimension ν i and n = k i=1 ℓ i ν i . Thus, the representation type strata correspond to weighted partitions of n. Let C ν denote the locally closed subvariety of all such representations. If we write the multiset {{ν 1 , . . . , ν k }} as
where S n,• X is the open subset of S n X consisting of n pairwise distinct points. Thus,
The proofs of the second and third claim are identical to that of parts (2) and (3) Proof. The case g = 1 follows from Proposition 2.12 below. The case n = 1 is trivial since
Assume g, n > 1. We consider the case (g, n) = (2, 2) separately below. Notice that since Hom(π, GL) is a complete intersection, it is Cohen-Macaulay. Thus, it satisfies Serre's condition
be the open subset of points corresponding to irreducible π-modules. It is contained in the smooth locus of X(g, n), and hence is normal. Let Z denote its complement. By Lemma 2.2 (2), Z has codimension at least four in X(g, n) when (g, n) = (2, 2). By [8, Corollary 7 .3], if ξ : Hom(π, GL) → X(g, n) is the quotient map, then
Thus, Z has codimension at least two in Hom(π, GL), implying that (R 1 ) holds too. We deduce that Hom(π, GL), and hence X(g, n) too, is normal.
Finally, we consider the case where (g, n) = (2, 2). As noted in Theorem 2.1, Hom(π, GL) is a complete intersection and hence Cohen-Macaulay. Thus, it satisfies (S 2 ). We claim that the locus Hom(π, GL) free on which PGL acts freely has complement having codimension at least two.
Since this open set is contained in the smooth locus, this will imply that Hom(π, GL) satisfies (R 1 ). Therefore, by Serre's criterion, Hom(π, GL) will be normal. It will then follow that X(2, 2) = Hom(π, GL)/ /GL is normal too.
It remains only to prove the claim. Inside (1), the preimage of the codimension-six stratum has codimension at least three. This stratum is therefore irrelevant for the claim. The preimage of the codimension-two stratum has codimension at least one by (1), or because Hom(π, GL) is irreducible (Theorem 2.1.1)). So we only have to show that this stratum, call it Z, has open dense intersection with Hom(π, GL) free .
Let Z ss ⊆ Z be the semisimple locus, consisting of the representations which are decomposable into nonisomorphic one-dimensional representations. As observed in the proof of [3, Proposition 6.5], the codimension of Z ss in Hom(π, GL) free must be at least (in fact, must exceed) the codimension, two, of its image ξ(Z ss ) = ξ(Z). Explicitly, for every z ∈ Z ss , the endomorphism space End π (z) has dimension two. So the PGL-orbit of z has dimension at most dim PGL − 1. We obtain that codim Hom(π,GL) Z ss ≥ 1 + codim X(2,2) ξ(Z ss ) = 3.
Thus we only have to show that every non-semisimple point of Z has a free PGL-orbit. But these points consist of extensions of two non-isomorphic simple representations. This implies that their endomorphism algebra is indeed one-dimensional; the same argument was used in the proof of [3, Proposition 6.5].
Proof of Theorem 1.1 for X(g, n). When g = 1 the claim follows from Proposition 2.12. The case (g, n) = (2, 2) is dealt with in Corollary 2.11 below. The case n = 1 is trivial.
We assume g, n > 1 and (g, n) = (2, 2). We have shown in Proposition 2.3 that the irreducible variety X(g, n) is normal. By Theorem 2.1, the Poisson structure on the dense open subset C (1,n) of X(g, n) is non-degenerate. This implies that the Poisson structure on the whole of the smooth locus is non-degenerate since the complement to C (1,n) in X(g, n) has codimension at least four.
Therefore, since the singular locus of X(g, n) must also have codimension at least four, it follows from Flenner's Theorem [11] that X(g, n) has symplectic singularities.
As for quiver varieties, the symplectic leaves of the character variety X(g, n) are precisely the stabilizer type strata. Since this result is not needed elsewhere, we only sketch the proof.
Proposition 2.4. The symplectic leaves of X(g, n) are the stabilizer type strata C ν .
Proof. Since X(g, n) has symplectic singularities, it has only finitely many leaves. The stratification by stabilizer type is a finite stratification by smooth, connected locally closed subvarieties. This statement can be deduced from the corresponding statement [3, Proposition 3.6] for quiver varieties by using Theorem 2.5 below. Therefore it suffices to show that the Hamiltonian vector fields on X(g, n) are all tangent to the strata. This follows from [3, Lemma 3.14], suitably adapted.
The same statement can be shown to hold for Y(g, n) using Lemma 2.16 below.
2.2.
Passage to the normal cone. In order to study the singularities of X(g, n), we describe the normal cone to a closed GL-orbit in Hom(π, GL). Let φ be a point whose GL-orbit is closed, and denote by V the corresponding n-dimensional representation of π. Composing φ with the adjoint action of GL on gl(V ), the space gl(V ) is a π-module. Since Σ is a K(π, 1)-space, we have natural
where V is the local system on Σ corresponding to the π-module V ; see page 59 and Proposition 2.2 of [6] . Cup product in cohomology, followed by the Lie bracket [−, −] : gl(V ) × gl(V ) → gl(V ), defines the Kuranishi map
given by ϕ → [ϕ ∪ ϕ]. As shown in [14, Section 4] , if C V (π) denotes the tangent cone to V in Hom(π, GL), and N V (π) its image in T V Hom(π, GL)/T V GL ·V , then there is a Stab GL (V )-
. As explained in [13] , the space Ext 1 π (V, V ) has a natural symplectic structure, such that the action of Stab GL (V ) on Ext 1 π (V, V ) is Hamiltonian. Decompose the semi-simple representation V as
where the V i are pairwise non-isomorphic simple π-modules. Let Q be the quiver with k vertices and dim Ext 1 π (V i , V j ) arrows between vertex i and j. Let α be the dimension vector for Q given by α i = dim W i .
(3) We have a G(α)-equivariant identification Ext 1 π (V, V ) ∼ → Rep(Q, α) of symplectic vector spaces and a G(α)-equivariant identification Ext 2 π (V, V ) ∼ → g(α) such that the following diagram is commutative
Proof. The first claim follows directly from the decomposition k i=1 V i ⊗ W i , since Stab GL (V ) only acts on the W -tensorand.
If V i denotes the irreducible local system on Σ corresponding to V i , then we have natural identifi-
imply by Poincaré-Verdier duality (see [9, Corollary 3.3.12] ) that
The existence of the non-degenerate pairing implies that dim Ext 1
is a symplectic vector space [13] , and hence dim Ext 1 π (V i , V i ) is even. Thus, Q is the double of some quiver Q, confirming (2).
Finally, we have G(α)-equivariant identifications
and
End(W i ), since Ext 2 π (V i , V j ) = 0 for i = j. Now view the quadratic map κ :
where the map • is the usual composition,
, the above map becomes the tensor product of the symplectic pairing between Ext 1 π (V i , V j ) and Ext 1 π (V j , V i ) and the composition on Hom spaces. Thus, linearly extending to V , we obtain the usual moment map µ, as required.
Luna's slice theorem implies:
Corollary 2.6. The tangent cone to [V ] ∈ X(g, n) is isomorphic to M 0 (α, 0) for the quiver Q and dimension vector α described above.
Remark 2.7. In fact, by [4, Theorem 6.3, Theorem 6.6], 1 the whole formal neighborhood of [V ] ∈ X(g, n) is isomorphic to the formal neighborhood of 0 in M 0 (α, 0), since the group algebra C[π] is a two-dimensional Calabi-Yau algebra. The argument given there also begins the same way as above, but we included details for the benefit of the reader.
Lemma 2.8. The singular locus of X(g, n) is the closed subset consisting of non-simple representations. Its irreducible components are labeled by integers 1 ≤ n ′ ≤ n/2.
Proof. The proof is identical to the proof of [16, Proposition 6.1]. Theorem 2.5 implies that if the point x ∈ X(g, n) corresponds to a simple representation V , then x is smooth. For each 1 ≤ n ′ ≤ n/2, let ϕ(n ′ ) : X(n ′ , g) × X(n − n ′ , g) → X(g, n) denote the map (
It is a finite morphism. Clearly, every semi-simple, but not simple, π-module of dimension n lies in the image of some ϕ(n ′ ). Also, Im ϕ(n ′ ) ∩ Im ϕ(n ′′ ) is a proper subset of Im ϕ(n ′ ) for all n ′ = n ′′ since a generic point of Im ϕ(n ′ ) is the direct sum of exactly two simple modules. Therefore the Im ϕ(n ′ ) are precisely the irreducible components of the complement to the open subset of simple representations. Thus, it suffices to show that the generic point of Im ϕ(n ′ ) is singular in X(g, n).
Such a generic point is
where V 1 and V 2 are simple π-modules of dimension n ′ and n − n ′ respectively.
It suffices to show that the tangent cone at this point is singular. By Corollary 2.6, the tangent cone is isomorphic to 0 ∈ M 0 (α, 0) for some quiver Q and dimension vector α. In this case, we get the quiver Q with 1 2 dim Ext 1 π (V 1 , V 1 ) loops at vertex 1, 1 2 dim Ext 1 π (V 2 , V 2 ) loops at vertex 2 and dim Ext 1 π (V 1 , V 2 ) arrows from vertex 1 to vertex 2. The dimension vector is α = (1, 1) . The space M 0 (α, 0) is singular if and only if dim Ext 1 π (V 1 , V 2 ) > 1 (removing the loops, which do not contribute to the singularities, M 0 (α, 0) is isomorphic to the closure of the minimal nilpotent orbit in gl n , where n = dim Ext 1 π (V 1 , V 2 )). Since V 1 and V 2 are not isomorphic, [8, Theorem 1.6] implies that dim Ext 1 π (V 1 , V 2 ) = (2g − 2)n ′ (n − n ′ ) > 1 as required.
Remark 2.9. We note that [8, Theorem 1.6] allows one to easily compute the Euler characteristic of local systems on compact Riemann surfaces. For instance, it implies that if L is an irreducible local system on Σ then
Presumably, this is well-known to experts.
2.3. The case (g, n) = (2, 2). The case (g, n) = (2, 2) can be thought of as a "local model" for the moduli space M 2v of semistable shaves with Mukai vector 2v on an abelian or K3 surface, where v is primitive, such that v, v = 2. Therefore we are able to apply directly the results of Lehn and Sorger [17] in this case. Lemma 2.2 (1) says that X(2, 2) has three strata, C (1, 2) consisting of simple representations E, C (1,1;1,1) consisting of semi-simple representations E = F 1 ⊕ F 2 , where F 1 and F 2 are a pair of non-isomorphic one-dimensional representations of π, and C (2,1) the stratum of semi-simple representations E = F ⊕2 , where F is a one-dimensional representation. By Corollary 2.8, the singular locus of X(2, 2) equals C (1,1;1,1) = C (1,1;1,1) ⊔ C (2, 1) . Theorem 2.10 (Lehn-Sorger, [17] ). The blowup σ : X(2, 2) → X(2, 2) along the reduced ideal defining the singular locus of X(2, 2) defines a semi-small resolution of singularities.
Note that this is a precise version of the X(2, 2) case of Theorem 1.5.
Proof. We sketch the proof, based on the results in [17] . Fix a point E ∈ C (1,1;1,1) and E ′ ∈ C (2, 1) . Theorem 2.5 says that the tangent cone C E (X(2, 2)) is isomorphic to C 8 × (C 2 /Z 2 ) and the tangent cone C E ′ (X(2, 2)) is isomorphic to C 4 ×N , where N is the orbit closure in sp(4) defined in section 5.1 of [3] . The proof of [17, Théorème 4.5] goes through word for word in this situation (one has to check that Propositions A.1 and A.2 of the appendix to op. cit. hold in this setting), and we deduce that there are isomorphisms of analytic germs
Here the first isomorphism follows from [21, Lemma 1.3] . Clearly, blowing up C 8 × (C 2 /Z 2 ) along the singular locus gives a semi-small resolution of singularities. The key result [15, Remark 5.4 ], see also [17, Théorème 2.1] , says that blowing up along the reduced ideal defining the singular locus in C 4 × N also produces a semi-small resolution of singularities.
Corollary 2.11. The blowup X(2, 2) of X(2, 2) along the reduced ideal defining the singular locus of X(2, 2) is a smooth symplectic variety and X(2, 2) has symplectic singularities.
Proof. Let σ : X(2, 2) → X(2, 2) denote the blowup map. The singularities of X(2, 2) in a an analytic neighborhood of a point in C (1,1;1,1) are equivalent to an A 1 singularity. Therefore the pullback σ * ω of the symplectic 2-form ω on the smooth locus of X(2, 2) extends to a symplectic 2-form on σ −1 (U ), where U is the open set C (1,2) ∪ C (1,1;1,1) . Since σ is semi-small, σ −1 (C (2,1) ) has codimension at least 3 in X(2, 2). Therefore, σ * ω extends to a symplectic 2-form on the whole of X(2, 2). Since we have shown in Proposition 2.3 that X(2, 2) is normal, Lemma 6.12 from [3] shows that this implies that X(2, 2) has symplectic singularities. Unlike the case g > 1, it is not clear whether Hom(π, G) is reduced, but it is shown in [12] that the corresponding G-character variety is reduced. In the case G = GL, the Hilbert-Chow morphism defines a symplectic resolution π : Hilb n (C × × C × ) → (T × T)/S n . Similarly, the the preimage Hilb n 0 (C × × C × ) ⊂ Hilb n (C × × C × ) of Y(n, 1) ⊂ X(n, 1) under π defines a symplectic resolution of Y(n, 1); for want of a better name, we call Hilb n 0 (C × × C × ) the barycentric Hilbert scheme. Notice that the case n = 1 is trivial since X(1, 1) = C × × C × with its standard symplectic structure.
2.5. Factoriality. We begin with the following dimension estimates of Crawley-Boevey and Shaw: Theorem 2.13. [8, Theorem 7.2, Corollary 7.3] Consider a stratum Z in X(g, n) of representation type (k 1 , β (i 1 ) ; . . . ; k r , β (ir ) ). Then for all z ∈ Z, the fibre ξ −1 (z) ⊆ Hom(π, GL) has dimension at most β · β − 1 + p(β) − t p(β (t) ), so the dimension of ξ −1 (Z) is at most β · β − 1 + p(β) + t p(β (t) ).
Recall that ξ : Hom(π, GL) → X(g, n) is the quotient map. The action of GL on Hom(π, GL) factors through PGL. The open subset of Hom(π, GL) where PGL acts freely is denoted Hom(π, GL) free . Lemma 2.14. Assume that g, n > 1 and (g, n) = (2, 2). The variety Hom(π, GL) is normal and factorial. Moreover, the complement to Hom(π, GL) free in Hom(π, GL) has codimension at least four.
Proof. As noted previously, Hom(π, GL) is a complete intersection and hence Cohen-Macaulay.
Thus, it satisfies (S 2 ). By a theorem of Grothendieck, [16, Theorem 3.12] , in order to show that Hom(π, GL) is factorial, it suffices to check that it satisfies (R 3 ) too. But this follows from the proof of Proposition 6.5 of [3] : the same arguments hold in our situation substituting Lemma 2.2 for Lemma 6.1 and Theorem 2.13 for Theorem 6.3 of [3] .
Next, we prove the part of Theorem 1.2 dealing with X(g, n):
Proof of Theorem 1.2 for X(g, n). Let X(g, n) s denote the dense open subset consisting of simple representations and Hom(π, GL) s its preimage in Hom(π, GL). Then ξ : Hom(π, GL) → X(g, n) s is a principal PGL-bundle. Moreover, by Lemma 2.2 (2), the complement to X(g, n) s has codimension at least 4 in X(g, n). Therefore we may apply the results of Drezet's Theorem [3, Theorem 6.7] to X(g, n).
The stratum C ρ of type ρ = (n, 1) is contained in the closure of all other strata in X(g, n). This is proven by induction on n using the morphisms ϕ(n ′ ) defined in the proof of Lemma 2.8. If y ∈ T (x) is a lift in Hom(π, GL) of a point x of C ρ then y corresponds to the representation C ⊕n , where C denotes here the trivial π-module. Therefore PGL y = PGL has no non-trivial characters.
In particular, PGL y will act trivially on L y for any PGL-equivariant line bundle on Hom(π, GL).
Hence, we deduce from Drezet's Theorem [3, Theorem 6.7] that X(g, n) is factorial at every point of C ρ . Now consider an arbitrary stratum C τ in X(g, n). If X(g, n) is factorial at one point of the stratum then it will be factorial at every point in the stratum. On the other hand, the main result
